In this paper we study the spherically symmetric CSC hypersurfaces of the extended Schwarzschild space-time. Especially, we analyse the embedding equation and we find the family of solutions or slices that results varying a parameter c, for fixed CSC parameter a and fixed time-translation parameter t 0 . The parameter c represents the amount of variation of volume of the 3-geometry during the 'time'-evolution.
Introduction
Thanks to a compactification procedure developed by Penrose [1] , using a conformal rescaling of the metric, one can attach an ideal boundary to the space-time, the so-called 'null-infinity' I , where the gravitational radiation can be defined rigorously, so that an asymptotically flat space-time can be entirely represented numerically on a finite grid. In subsequent work, Friedrich [2, 3] gave a reformulation of the Einstein field equations in terms of the conformally rescaled quantities. Remarkably, in the conformal approach to Einstein's field equations, initial data are determined on so-called hyperboloidal hypersurfaces. These are hypersurfaces which asymptotically behave like hyperboloids in Minkowski space-time.
As a first step towards the construction of hyperboloidal initial data for the conformal field equations, by solving the constraint equations, we are interested in studying hyperboloidal hypersurfaces of the extended Schwarzschild space-time, i.e. of Kruskal solution, and the initial data on it, the induced 3-metric (3) g ij and the extrinsic curvature tensor K ij , or the 'time'-derivative of the metric.
The hyperboloids in Minkowski space-time are the hypersurfaces defined by 'constantinterval' t 2 − r 2 = const. ≡ a 2 (i.e. analogs of spheres in Euclidean geometry), which are the only everywhere smooth spherically symmetric, constant mean curvature (= 3/a) [and therefore also constant scalar curvature (= −6/a 2 ) ] hypersurfaces in Minkowski space-time. In particular, they become light-like as r → ∞. Therefore, hyperboloidal hypersurfaces also become light-like (null) at ∞, i.e. they go to the null infinity I for large r.
It turns out that hypersurfaces which are spherically symmetric, i.e. generated by an embedding (r, θ, φ) → (r, θ, φ, f (r)), and of constant scalar curvature (CSC)
R = const.≡ −6/a 2 in a known space-time, e.g. extended Schwarzschild space-time, can be determined up to one quadrature: essentially the 2nd order differential equation for the height function f (r) given by (3) R = −6/a 2 can be integrated only once explicitly, so that f ′ (r) = f ′ (r, a, c), where a represents the CSC, and c is the (first) integration constant.
In this paper we study the spherically symmetric CSC hypersurfaces of the extended Schwarzschild space-time, i.e. of Kruskal solution. Especially, we analyse the embedding equation and we find the family of solutions or slices that results varying c, for fixed CSC parameter a and fixed time-translation parameter t 0 , which is 2nd integration constant, f (r, a, c, t
The parameter c represents the amount of variation of volume of the 3-geometry during the 'time'-evolution. The study how one of these hypersurfaces may give foliations of the space-time is outside the scope of this paper.
In Sec. 2, after obtaining the general solution for the metric of a spherical CSC 3-geometry, we integrate the spherical CSC constraint equations. This complements the study of the embedding in Sec. 3, and the numerical results for the family of slices, solution of the embedding equation, that results varying the parameter c, in Sec. 4.
Intrinsic and extrinsic geometry of CSC slices
The space-time metric, written as sliced in spherically symmetric hypersurfaces, is of the form
where dΩ 2 = dθ 2 + sin θdφ 2 , the standard metric of the 2-sphere, r is the Schwarzschild or areal radius, and ℓ is an auxiliary radial coordinate, in general necessary to get this form (1) , see e.g. eqs. (6)-(8) in [4] .
Here τ is the time-function or evolution parameter, still not fixed (still no embedding considered), indeed the geometry of the curves (slices) τ = const. is here encoded in the functions r(ℓ) and w(ℓ). And N is the so-called lapse function.
Thus, the general spherically symmetric 3-metric of a slice τ = const. is of the form
Note also, with L = L(ℓ) := w(ℓ)dℓ as coordinate, the 3-metric (2) can also be written
where L is the geodesic radial distance on the 3-manifold and r is the Schwarzschild or areal radius.
Defining p as the mean curvature of the spherical 2-surfaces l = const. embedded in the 3-geometry (2), we can see
Note, p = 0 ⇔ dr dℓ ≡ r ′ (ℓ) = 0, i.e. the areal radius r is minimum; in that case we talk about "minimal surfaces" ℓ = const. Observe, the relationship between r and ℓ, r(ℓ), is contained in p. Hence, if we know p = p(r), then we know the 3-geometry, i.e. the intrinsic metric (3) g ij . The initial data -solutions of the constraint equations, as part of the Einstein field equations -on the hypersurface are: (3) g ij (or p) and the extrinsic curvature tensor K ij .
Intrinsic geometry of spherical CSC slices
The scalar curvature of the 3-metric (2) is
with p given by (3). That is, using ∂ ℓ = r ′ (ℓ)∂ r and eq. (3),
We are interested in hypersurfaces with constant scalar curvature (CSC)
R that we assume to be negative. Solving the equation
where c 0 is the integration constant. From (3) we have in general w = . Hence, substituting (5), we obtain w(ℓ) for CSC ≡ −6/a 2 .
Consequently, for a spherical 3-metric with CSC ≡ −6/a 2 , substituting (6) into (2) and identifying r ′ (ℓ)dℓ = dr, we have
In general, if ℓ is 'replaced by' r -as we see can be made in the CSC case -, then w = 2 rp , i.e. w 2 = 4 (rp) 2 , and the 3-metric writes
In the CSC case we just substitute there (5), and get (7).
Extrinsic geometry of spherical CSC slices
The constraints constitute in general an underdetermined system of 4 equations for 12 unknowns, the 3-metric tensor (3) g ij (6 components) and the extrinsic curvature K ij (6 components), a symmetric 2-tensor, which is defined as follows: being n the unit normal vector field to the 3-surface, then we define K(X, Y ) := (4) g(∇ n X, Y ), i.e. with compo-
. The constraint equations (on a general 3-metric (3) g ij and extrinsic curvature K ij on it) -denoting the trace of the extrinsic curvature (= 3× mean curvature) by trK := (3)
and the momentum constraints (3 components, vectorial equation),
where
For a spherical 3-metric, the momentum constraints (9) reduce to one equation, which, for the (in this case) two independent quantities of the extrinsic curvature K 
Notice, in the spherical case,
The spherical Hamiltonian constraint (8) writes then
Setting the scalar curvature
an algebraic relation between K r r , trK, and the parameter a.
Solving the spherical CSC constraints
Solving formally the Hamiltonian constraint, eq. (12), for K r r , we get
It seems it is more appropriate to work with the "mean curvature" K := trK/3. With this notation, (13) writes
Hence, from the Hamiltonian constraint (12), and using the notation K ≡ trK/3, we have
On the other hand, the momentum constraint (10) with the new notation K ≡ trK/3 is
Substituting (14) into eq. (15), we get the (spherical CSC) "reduced" momentum constraint,
which is an ODE of separated variables solvable for K on an interval of r where K 2 −1/a 2 > 0, i.e. |aK| > 1. And besides K ≡ const. = ±1/a is also a particular solution of eq. (16). We can then summarise the solution for trK of the spherical CSC constraints as
wherec is a real number, constant on the slice, with the + sign for the 'branch' aK > 1, i.e. trK > 3/a, which corresponds to future directed unit normal to the slice n, and the − sign for the 'branch' aK < −1, i.e. trK < −3/a, with n past unit normal to the slice. Actually, for each of these two branches (withc = 0) we have two parts, one corresponding toc > 0, with no restriction on the interval of existence of the hypersurface, and the other corresponding toc < 0, ∀ r > r * such that r 3 * = −c. In this sense, we can say that (17) is a "4-branch" solution. Remarkably, from (17), trK → ±3/a at r → ∞. As expected, since the considered hypersurfaces are asymptotically hyperbolic, and the hyperboloids in Minkowsky have 'mean curvature' or trace of the extrinsic curvature trK ≡ const. = ±3/a for future (+) and past (−) directed normal vector, respectively.
Substituting the results (17) for trK ≡ 3K into eq. (14), and taking care of the corresponding signs in (14), we obtain then a "4-branch" solution for K 
depending on the sign of the constantc. Forc = 0, (17) yields trK ≡ const. = ±3/a, and
, that is, the casec = 0, corresponds to the constant mean curvature (and constant scalar curvature) hypersurface, for which the extrinsic curvature has the covariant constant, isotropic, 'pure trace' form
The fact that the solution trK ≡ const. = ±3/a corresponds toc = 0 is interesting, because it gives us a hint about the geometrical meaning of the constantc, namely, an amount of variation of trace, that is, amount of variation of expansion (for trK > 0) or contraction (for trK < 0), wherec = 0 means constant expansion/contraction, during the 'time' (τ -)evolution.
Notice, up to now we have not considered the 3-geometry as embedded in the Schwarzschild space-time. The Misner-Sharp mass is defined for the metric (1) as m(ℓ, τ ) such that
where U can be written in terms of trK and K r r , using the relations
which can be seen as evolution equations (for the metric). In the case where the metric (1) is the Schwarzschild or Kruskal metric, i.e. if the 3-surface is a hypersurface of Schwarzschild space-time, the function m as defined by (19) coincides with the Schwarzshild mass parameter m. Remarkably, for w 2 in the CSC case, given by (6), we obtain the following relation between parameters:
where 2m is the mass parameter in the Schwarzschild solution, and c 0 is the integration constant we have obtained for the CSC 3-metric (7).
3
The embedding of spherical CSC hypersurfaces (slices) in the extended Schwarzschild space-time
in Schwarzschild coordinates
The scalar curvature of the metric (2) is
The ordinary differential equation 
Actually, we have already got this result in Sec. 2.1, just with a different integration constant. Comparing (22) with (6), we see that c = a 2 c 0 /4.
Inserting this into (2) and recognising that r ′ (ℓ)dℓ = dr, we end up with the spherically symmetric 3-metric of the form
The scalar curvature of (23) is given by the expression
Substituting χ ≡ const.= ±1 yields 
As
where c is the constant of integration.
On the other hand, in the Schwarzschild space-time, with line element
the intrinsic spherically symmetric metric, generated by the embedding given by t = f (r), in Schwarzschild coordinates, is
Notice, the radial component is quadratic in f ′ . Imposing that this induced metric has constant scalar curvature = −6/a 2 , we substitute in eq. (24),
what yields the embedding equation (in Schwarzschild coordinates), namely,
where s(r) := r r − 2m and Q(r)
In further calculations we shall consider the 2-branch solution, denoting
and its corresponding solution for the embedding t ± ≡ t ± (r) = f ± (r), or e.g. in Kruskal space and time coordinatest ± ≡t ± (x).
The integral of f ′ (r) in Schwarzschild space-time [cf. (26)-(27)] has to be understood in the principal-value sense at r = 2m, so that f has a logarithmic singularity there. This is a coordinate singularity; in fact, the form of this singularity is exactly that required for the slice to go smoothly through r = 2m (see Sec. 3.3).
1 Of course, we get the same expression for f ′ (r) = f ′ (r, a, c) as in (26)-(27) by integrating once explicitly the 2nd order differential equation for the height function f (r), given by
in Kruskal coordinates
Consider the coordinate change from (2-dimensional) Schwarzschild coordinates to Kruskal space and time coordinates, (r, t) → (x,t ), in the four zones of Kruskal diagram, the socalled Kruskal transformation:
for r > 2m, exterior black hole (+) and exterior white hole (−),
−1 + r/2m cosh(t/4m) t = ± e r/4m
and for 0 < r < 2m, interior black hole (+) and interior white hole (−),
1 − r/2m sinh(t/4m)
1 − r/2m cosh(t/4m) .
In these coordinates the (extended) Schwarzschild metric takes the form
in which r is implicitly defined as a function ofx andt by
We also have tanh t 4m =t x i.e. t 2m = 2 tanh
so that the lines r = const. correspond to hyperbolas, and the lines t = const. correspond to radial lines through the origin. The horizon r = 2m is, from (32), given byx 2 −t 2 = 0, that is,t = ±x, which is also reached at t = ±∞. The region in which (31) is non-singular is bounded by the hyperbolasx 2 −t 2 = −1, where, from (32), we have r = 0; these are true singularities. In the 'exterior' (r > 2m, i.e. |t| < |x|) the metric is static, whereas in the 'interior' (0 < r < 2m, i.e. |t| > |x|) it is dynamical, since the Killing field ∂ t becomes space-like there. At the horizon r = 2m,
g(∂ t , ∂ t ) = 1 − 2m/r = 0, i.e. ∂ t is light-like.
Inserting the embedding given by t = f (r) into the Kruskal transformation (29), or (30), and differentiating with respect to r -using the embedding equation in Schwarzschild coordinates, dt/dr ≡ f ′ = s Q, eq. (26) -gives us
with s and Q as already defined in (27), andx andt also functions of r, for t = f (r). We then have dt(r) dx(r) = Q(r)x(r) +t(r) x(r) + Q(r)t(r) .
Remarkably, the function s cancels. Since the horizon r = 2m only occurs in s, this means that the horizon is only a (Schwarzschild) coordinate singularity for the spherically symmetric CSC hypersurfaces.
Solving eq. (32) in r, we obtain r = r(x,t) = r(x 2 −t 2 ), and we can then defineQ(x,t ) := Q(r(x 2 −t 2 )). Hence, substituting in (36), we get
an ODE for the embeddingt =t(x) in Kruskal (extended Schwarzschild) space-time. This embedding equation (in terms of Kruskal coordinates) is the differential equation that we integrate numerically to plot these hypersurfaces in Sec. 4.
We recall, eq. (37) can be read like (28) withQ ≡Q + or withQ ≡Q − = −Q + Indeed, if one has a solutiont + ≡t + (x) of (37) withQ + , then one has also one withQ − ,t − ≡t − (x), by virtue of the following property.
Letx →t + (x) be a solution of the embedding equation (37) 
Then we find fort(x) :=t + (−x)
where in the last step we have usedQ + = −Q − .
Hencet − (x) :=t(x) ≡t + (−x) is a solution for Q − .
Discussion at the horizon
Let us now analyse the r.h.s. of eq. (37) at the horizon. This will show the behaviour of the CSC hypersurface -embedding solutiont ≡t(x) -at the horizont = ±x, corresponding to r = 2m and t = ±∞.
Here we shall consider units such that 2m = 1. Recall the definition of Q, (28). As seen in Sec. 4, c = −1 − a 2 (= −(2m) 3 − 2m a 2 ) represents a degenerate case, for which the r.h.s. of eq. (37) is not well-behaved at the origin (x,t ) = (0, 0) and for which Q + (r = 2m = 1) = √ 3 2 < 1. (We assume a = 0, indeed a = 0 represents a light-ray.)
For all c = −1 − a 2 the slices, solutionst ≡t(x) of eq. (37), never go through the origin (x,t ) = (0, 0), and we have Q 2 (r = 2m) = 1; hence, Q + (r = 2m) = 1 and
As we shall see in Sec. 4, for any solution of eq. (37) (c = −1−a 2 ) crossing the horizon, the brancht + (x) (corresponding toQ ≡Q + ) of the slice crosses the 'past' horizont = −x, and the brancht − (x) (corresponding toQ ≡Q − ) crosses the 'future' horizont = +x.
Let us first consider the r.h.s. of eq. (37) for the brancht ≡t + (x), i.e. forQ ≡Q + .
Recall,Q + = 1 at the horizon, at both horizons. And the solutiont + (x) crosses the 'past' horizont = −x; hence,
and, applying L'Hopital's rule, we obtaiñ
Analogously, for the brancht ≡t − (x), i.e. forQ ≡Q − , since, recall,Q − = −1 at both horizons, and the solutiont − (x) crosses the 'future' horizont = +x, we also have
Remarkably, since r(α) ≡ r(x 2 −t 2 ), solution of eq. (32), satisfies r ′ (α) > 0 and -for the space-like hypersurfaces, solution of eq. (37) for −1 − a 2 < c < 0 and r ≥ r 0 -Q ′ + (r = 2m) < 0 (and Q ′ − (r = 2m) > 0), we know that a 1 in eq. (38) (i.e. forQ ≡Q + ) is a 1 < 0; hence, the r.h.s. of (38) is a regular function ofx. Analogously, a 1 in eq. (40) (i.e. forQ ≡Q − ) is a 1 > 0. Therefore, the corresponding slicet =t(x), solution of eq. (37), crosses the horizon (both parts) smoothly.
Notice also, the tangent vector field to the slicet ′ (x) at the horizon has a value for each slice, and we have seent ′ (x) = ±1, that is, the slices do not go 'like light' there, but this value is given by (38) at the past horizont = −x (for the brancht + ), and by (40) at the future horizont = +x (fort − ).
Discussion at infinity
The slice solution (of the embedding eq.)t ≡t(x) is in any non-degenerate case (i.e. for all c = −1 − a 2 ) never light-like. Thereforet(x) = ±x + const.; in particular, for const. = 0,t(x) = ±x. On the other hand,Q ± ≡ Q ± (r) → ±1 for r → ∞ (see eq. (28)). Hence, dt dx t =t(x) and r=r(x,t(x))→∞ =Qx +t(x) x +Qt(x) r→∞ = ±1
What means that the solution is light-like at r → ∞, i.e. it is asymptotically null (lightlike). Moreover, in Schwarzschild coordinates
dr = ±r ± log |r − 2m| + const.
Hence, t = f (r) goes asymptotically like a light-ray. Notice also, for a = 0, Q(r) ≡ 1 and we have the same situation; what means that a = 0 corresponds to a light-ray.
Causal character of the slices
The light-cones in Kruskal diagram are given by dt dx = 1 , i.e.t = ±x + const.
Let us see that the slice solution of eq. (37) is space-(time-) like, i.e. dt dx t =t(x) = Qx +t(x)
Qx +t
On the other hand, with s(r) := r r−2m
cf. eqs. (25) and (26). Hence,
. But s > 0 ⇔ r > 2m and s < 0 ⇔ r < 2m. Therefore, condition (41) ⇔ (3) g rr ≡ χ 2 > 0, as we wanted to prove.
Notice also, χ 2 > 0 ⇔ D > 0, by eqs. (24) and (27).
4 Spherical CSC slicings of the extended Schwarzschild space-time.
In the following we shall consider units such that 2m = 1. Notice (cf. (27) We want to study the family of hypersurfaces that we get varying c, for a fixed CSC parameter a, e.g. a = 1 (note, on a single hypersurface we may assume that a = 1, because we can always achieve this by rescaling the metric a constant), and t 0 in principle also fixed, such that the hypersurface we consider touches the limiting 'surface' of const. radius r = r 0 (or r 1 ) at t = t 0 . It is interesting to note that each hypersurface (in these Kruskal coordinates) has the two branches of the solution,t + andt − (see eq. (28)); they match each other at the 'contact' point of the hypersurface with the surface of limiting radius, r = r 0 (or r 1 ), which occurs at (and defines) t = t 0 . Notice, by the Kruskal transformation (29), thet-axis reflected solution,x → {t + (−x),t − (−x) }, touches the limiting radius at −t 0 .
For some t 0 < 0 fixed and a = 1, we have the following. See Fig. 1 .
In case I (c < −1−a 2 ) 1 < r 0 < r 1 and we have two slices or hypersurfaces. One (r ≥ r 1 )
is a space-like hypersurface, which remains in the exterior black hole, it comes from the right Scri-, I R − , touches the minimal constant radius r = r 1 such that f ′ (r 1 ) = 0, and so it is rebounded to I R + . The other (0 < r ≤ r 0 ) is a time-like hypersurface, which goes from the past singularity to the future singularity, touching the maximal constant radius r = r 0 tangentially, and crossing both horizons smoothly.
Increasing the parameter c, the limiting surfaces r 0 and r 1 (in the exterior black hole) approach each other and the horizon r = 2m = 1, i.e. until case II (limiting value).
In case II (c = −1 − a 2 ), where r 0 = r 1 = 1 = 2m, is a degenerate case. We observe, as r → 2m = 1, the point (r, t = t 0 ) in the Kruskal diagram approaches the the origin of Kruskal coordinates (x,t) = (0, 0). The (r.h.s. of the) embedding equation in this case is not well-behaved at the point (x,t) = (0, 0), and the solution is indeed not unique: the past horizon ('past' horizon, in this case, for t 0 < 0) actually solves the equation. Moreover, an infinite number of space-(and time-)like hypersurfaces come from I R + (resp., the time-like ones come from the past singularity), go essentially 'parallel' to the future horizon, and fall into the past horizon going smoothly through the origin (x,t) = (0, 0) now along the past singularity. Note: For t 0 > 0, we would just have the reflection of this picture about thet-axis.
In case III (−1 − a 2 < c < 0) we have r 1 < r 0 < 1; it is then important to distinguish the subcase III.1 −1 − a 2 < c < −a 2 and, hence, 0 < r 1 < r 0 < 1, for which we still have two hypersurfaces or slices. One (r ≥ r 0 ) is in the nicer situation, because the hypersurface, which is space-like, goes from I R + to I L + ; more exactly, (in Kruskal diagram) it comes from I R + bends and goes up, touches the minimal constant radius r = r 0 tangentially, and follows up to I L + , crossing both horizons smoothly. The other is a time-like hypersurface (0 < r ≤ r 1 ) which remains in the interior white hole, it comes from the (past) singularity, touches the maximal constant radius r = r 1 such that f ′ (r 1 ) = 0, and so it is rebounded to the same singularity. Table 1 : CSC hypersurfaces of the extended Schwarzshild space-time in Kruskal and Penrose diagrams, for fixed parameters a = 1 an t 0 = −1.7, and for c = −3.5 (case I), c = −1.5 (case III), and c = 0 (case IV). In 'blue' are ploted the space-like slices and in 'green' th time-like ones.
